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1. Introduction

The partly linear additive Cox model is an extension of the Cox (1972) model, in which the
log-relative risk takes the partly linear additive form. So the conditional hazard of the failure
time given the covariate value z = (z,w) € R? x R’ is modeled as

(1.1) At|z,w) = No(t) exp(2'8 + ¢1(wy) + -+ + ds(wy)),

where )\ is the unknown baseline hazard function, 3 is a d-dimensional regression parameter,
and ¢1, ..., ¢ ; are unknown smooth functions. In many situations, our main interest is in
estimating the regression parameter (3, which provides a concise and easily interpretable
measure of the effect of the covariate X in the presence of the auxiliary covariate W. For
instance, when X is a treatment covariate and W is a vector of covariates describing other
characteristics of the patients, 3 can be interpreted as a measure of the treatment effect
after adjusting for the effect of W. Although a categorical-type covariate X is our main
motivation for this model, X can also be a continuous-type variable or a mixture of the two
types. In the proportional hazards model framework with multi-dimensional covariates, this
model allows flexible modeling of the covariate effect and in the same time maintains the
feature of being parsimonious and easy to interpret enjoyed by the Cox model.
Model (1.1) is closely related to the partly linear Cox model

(1.2) Atz w) = Xo(t) exp(z’fy + b(w)),

where b : R/ — R. In this model, no further assumption is made on the form of b. For
high-dimensional covariate W, it may require unrealistic large samples to estimate this model
because of “curse of dimensionality.” Indeed, a range of models between and beyond (1.1) and
(1.2) can be considered. For example, an ANOVA type decomposition for b can be considered,
and model (1.1) can be viewed as a first order approximation. Interaction between the
variables in X and W can also be considered. Excellent discussions on these issues can be
found in Stone (1985, 1994). We focus on the partly linear additive model (1.1) because it
directly generalizes the (linear) Cox model. See also the discussions in Hastie and Tibshirani
(1986, 1990).

Many authors have considered nonparametric and semiparametric modeling of covariate
effects on the censored failure time. For example, Sasieni (1992a, 1992b) calculated
information bound for estimating 3 in model (1.2) and suggested using a spline based partial
likelihood to estimate this model. His calculation suggests that it is possible to estimate 5 at
the usual root-n rate of convergence in spite of the presence of two nonparametric functions,
and in spite that the function b cannot be estimated at the root-n rate. Grambsch, Therneau
and Fleming (1990) and Fleming and Harington (1991, Section 4.5, pages 163-168) proposed
to use smoothed martingale residuals to explore the functional form of the covariate effect
in the Cox model. The martingale residual approach was further discussed by Grambsch,



Therneau and Fleming (1995). Hastie and Tibshirani (1986, 1990) have considered a fully
nonparametric additive Cox model in exploratory data analysis. Their estimation approach is
to maximize a penalized partial likelihood. Kooperberg, Stone and Truong (1995) considered
a general nonparametric hazard regression problem. Their approach is to maximize the
likelihood function over an approximating parameter space consisting of sums of tensor
products of polynomial splines as in Stone (1994). They established rate of convergence
of their estimator. Several generalizations of the Cox model have also been studied in the
literature. For example, O’Sullivan (1993) considered the proportional hazards model with a
fully nonparametric relative risk function. He obtained rate of convergence of the penalized
partial likelihood estimator uniformly with respect to the penalty parameter. Sasieni
(1992a) calculated the information bound for the continuously stratified Cox model and
suggested a simple form of kernel-smoothed partial likelihood estimator. Dabrowska (1997)
proved asymptotic normality of the estimators of the regression parameter and the stratified
cumulative hazard in this model based on a general kernel-smoothed partial likelihood. A
survey of other regression models for censored survival data can be found in Andersen,
Borgan, Gill and Keiding (1993), Chapter VII.

In this paper, we study the asymptotic properties of the partial likelihood estimator
of 8 and (¢o1,...,¢Pos) of model (1.1) using polynomial splines. The use of polynomial
splines in estimating the fully nonparametric additive Cox model based on the partial
likelihood was first suggested by Stone (1986b). It appears that systematic study of this
estimation approach for the partly linear additive model (1.1) has not been done in the
literature. Although previous results on the asymptotic normality of the maximum partial
likelihood estimator in the (linear) Cox model (Tsiatis, 1981; Andersen and Gill, 1982) and
the information calculation (see Section 4) suggests that  should be estimable at the usual
root-n rate of convergence in the present model, the proof is complicated by the presence
of the nonparametric component ¢;’s in the partial likelihood and that their estimators
converge at rates slower than root-n. We deal with these difficulties by using some results
from the empirical process theory and the projection idea in information calculation for
semiparametric models. Under appropriate conditions, we show that, with a range of choices
of the smoothing parameter (the number of B-spline basis functions) required for estimation
of the nonparametric components, the maximum partial likelihood estimator of 3 is root-n
consistent, asymptotically normal and achieves information bound, although the convergence
rate of the estimator of the nonparametric part is slower than root-n. The result that a range
of the smoothing parameter is allowed for the asymptotic normality of Bn suggests that the
first order asymptotic performance of Bn is relatively insensitive to the specification of the
smoothing parameter. This differs from nonparametric curve estimation in which the optimal
choice of the smoothing parameter is required to achieve the optimal rate of convergence.
Rates of convergence for nonparametric component estimators are also obtained. These rates
are comparable to those obtained in nonparametric regression.

The organization of this paper is as follows. Section 2 describes the estimator using



polynomial splines. An example is included to illustrate the computation of the estimator in
Splus. The main results are stated in Section 3. In Section 4, we calculate the information
bound for # in the partly linear additive Cox model. Section 5 contains proofs of the main
results. Section 6 briefly discusses some aspects of incorporating time-dependent covariates
in model (1.1). Several technical details are put together in the Appendix.

2. Definition and computation of the estimator

Let T* and T be the failure time and censoring time, respectively. The observable random
variable is (T,A,Z) € RT x {0,1} x R*™/  where T = min{T",T°},A = {T* < T},
7 = (X, W) with X € R4, W € R’. Throughout, we assume that 7% and T are conditionally
independent given the covariate Z. Let (T}, A;, Z;),i = 1,...,n be an independent random
sample identically distributed as (T, A, Z).

We assume that W takes values in [a,b]” where a and b are finite numbers. Let a = & <
& < -+ < €k < &xy1 = b be a partition of [a,b] into K subintervals Ix; = [§;,&41),t =
0,...,K—1and Ixg = [k, k1], where K = K, = n’ with 0 < v < 0.5 is a positive integer
such that maxy<x<ri1|§e — k1] = O(n™"). The precise range of v will be given in Theorem
3.3 in Section 3. Let S,, be the space of polynomial splines of order [ > 1 consisting of
functions s satisfying: (i) the restriction of s to I, is a polynomial of order [ for 1 <t < K
(ii) for { > 2 and 0 < " < [ — 2, s is I’ times continuously differentiable on [a,b]. This
definition is phrased after Stone (1985), which is a descriptive version of Schumaker (1981),
page 108, Definition 4.1.

Let ®,, be the collection of functions ¢ on [a,b]” with the additive form ¢(w) = ¢ (w;) +
-+ ¢ (wy), where each component ¢; belongs to S,,. According to Schumaker (1981), page
117, Corollary 4.10, there exists a local basis {B;,1 < t < ¢,} for S,,, where ¢, = K,, + L.
Thus for any ¢; € S,,, we can write

(2.3) 9;(z) = ibtht(Zj), 1<j<J
t=1

Let b = {by; : 1 < j < J1 <t < g} be the collection of all the coefficients in the
representation (2.3). Under suitable smoothness assumptions, ¢g;’s can be well approximated
by functions in §,,. Therefore, we seek a member of ®,, along with a value of 5 that maximizes
the partial likelihood function. Specifically, let § = (Bn, Bn) with b, = {gjt 1< <J 1<
t < ¢} be the value that maximizes

(2.4) l(B,¢) =n~" Enj A; {Xéﬁ +o(Wi) —log > exp[X;8+ ¢(Wk)]} ,

kT > T

with ¢(W;) = ijl ¢»j(W;i),1 < i < n where ¢, is given in (2.3), with respect to (3,b) €
R? x R™. Because the regression function ¢;’s can only be identified up to an additive
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constant, we will center the estimators of ¢;’s as follows. Let

A (W)
Z?:l Az

—~ an_ —
Oin(2) = D 0uBi(z), and ¢, =
t=1

The resulting estimator of ¢; is defined to be

%

So qgjn is a centered version of ggjn and satisfies Y7 | AZQEJR(VVJZ) =0, 1< j < J Notice that
(Bn, afn, ce q}}n) maximizes the partial likelihood if and only if (Bn, Dins s b Jn) Maximizes
the partial likelihood. The use of this particular form of centering instead of the usual
centering by average is to simplify the asymptotic analysis, see the comments in Section 3.

To make statistical inference about 3, it is necessary to know or to approximate the
sampling distribution of (3,. As stated in the next section, the distribution of 3, can be
approximated by a normal distribution in the large sample sense. Unfortunately, the variance
matrix of this normal distribution can not be expressed in terms of quantities that can be
easily estimated. We suggest using the (inverse of) observed partial information matrix,
taking into account that we are also estimating the “nuisance” parameter b, to estimate
the variance matrix of 3, as in the (linear) Cox model. This variance estimator is available
from any program that fits the Cox regression model. We have not been able to prove the
consistency of this variance estimator. Heuristics based on the finite-dimensional parametric
model and some limited simulation suggest that this estimator should work well. An example
is given at the end of this section.

We have used a prespecified partition {&;,1 <t < K, } and fixed basis functions. It is
probably preferable to adaptively select the partition and the basis functions. Large sample
theory of data driven procedures for the present problem appears to be extremely difficult
and is beyond the scope of this paper. On the other hand, if our main purpose is to estimate
3, then any reasonable choice of {&,1 <t < K, } may work well. This is because as long
as it guarantees that the estimators of ¢;’s converge at a certain rate which may be much
slower than n'/2, then 3, has nl/? rate of convergence and is asymptotically normal. See
Theorem 3.3 and Remark 3.1 in Section 3, where the range of K, that ensures asymptotic
normality of B, is given.

Although other estimation approaches can also be used, such as the penalized partial
likelihood method used by Hastie and Tibshirani (1990) and O’Sullivan (1993), the above
method has the advantage that it can be implemented with the existing Cox regression
program. For example, in Splus (Version 3.4, 1996 MathSoft Inc.), two functions coxph and
bs can accomplish most of the computation, where coxph is for fitting the Cox model and bs
creates a basis matrix for polynomial splines. For the bs function, it has arguments for knots
placement and degree of the polynomials. The default value 3 of degree gives the cubic-spline



basis. There are two ways for knots placement. The first is to explicitly specify the knots
such as bs(x,knots= (2,4,6)) which places three knots at three points 2,4 and 6. A simpler
way is to specify the degrees of freedom. For example, bs(z, df= 6) places the knots at the
25th, 50th and 75th percentile of z. Detailed description of these two functions can be found
in the help file of Splus.

We now give a simple simulated example. The model we used to generate the pseudo-
random numbers is

A(t]2, wr, w) = Ao exp(Bx + ¢1(wr) + d2(ws)),

where 3 = 1, and where ¢ (w;) = 1.5(w; — 1.2)% and ¢9(ws) = 210g(200 + (wq — 1.2)3). The
joint distribution of (X, W;, Ws) is multivariate normal with mean (0,1.2,1.2), standard
deviation (0.6,0.6,0.6) and all the pairwise correlations equal to 0.6. The baseline )y is
taken to be a constant equal to exp(—12) where 12 is approximately the expectation of
X+ ¢1(W7) + ¢o(W2). The distribution of the censoring time given (z, wy, ws) is exponential
with mean equal to exp(2) = 7.39. So the censoring distribution does not depend on the
parameters of the distribution of 7. The expected censoring rate is 20%. The following three
commands complete the main part of the computation:

pl <- bs(wl,df = 6); p2 < — bs(w2,df = 6)
sim.dat <- list(time= T, status=censor.ind, x, p1, p2)
sim.fit <- coxph(Surv(time, status) ~ x + pl + p2, sim.dat, iter.max=20)

Here T is the vector of the simulated event times, censor.ind is the censoring indicator. Surv
is a Splus function that generates the appropriate response variable for coxph.

To examine the performance of the estimator of 3 in this example, 1000 datasets are
generated. In each dataset, the sample size n = 140. Table 1 summarizes the results. We
also computed the estimator (. using the true form of ¢; and ¢,. This estimator serves as
a bench mark for evaluating [3,.

Table 1. Summary of the example.

mean | bias | sd | mean se
G, | 1.04 | 0.04 | 0.20 0.19
G. | 1.01 | 0.01]0.16 0.15

In the table, mean is the average of the 1000 estimated 3’s; bias is the difference between
the mean and the generating value 3 = 1; sd is the sample standard deviation of the 1000
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estimated [3’s, which represents the true variability of the estimators; and mean se is the
average of 1000 standard error estimates of the estimated [ from coxph. It is seen that the
performance of Bn in terms of bias and sd is slightly worse than but comparable to that
of Bc. This is expected because Bc is estimated under the generating model. Observe that
the standard error estimate based on the observed (partial) information works well for this
example.

3. Main results

In this section, we state the results on the information bound, the asymptotic distribution of
3, and rate of convergence of ggjn’s. We first state the conditions for the asymptotic results.
These conditions combine the usual conditions in the asymptotic studies of nonparametric
regression estimators and the Cox regression model with right-censored data.

Let k be a nonnegative integer, and let « € (0, 1] be such that p = kK +« > 0.5. Let A
be the class of functions h on [0, 1] whose kth derivative h(*) exists and satisfies a Lipschitz
condition of order a:

W) (s) — hk) ()] < Cls —t|* for s,t € [0, 1].

(B1) (i) The regression parameter [, belongs to an open subset (not necessarily bounded)
of RY, and each ¢; € A for 1 < j < J; (i) E(AX) =0 and E[A¢;(W;)]=0,1<5<J.

The requirement that Jy not be on the boundary of the parameter space is standard for
asymptotic normality. The smoothness assumption of ¢;’s is also often used in nonparametric
curve estimation. Usually, p =1 (i.e, k=0and o« = 1) or p =2 (i.e., k =1 and o = 1)
should be satisfied in many situations. These two cases roughly corresponds to assuming
that ¢;’s have bounded first order derivative or bounded second order derivative. (B1)(ii)
requires the covariate X and the regression function to be suitably centered. Because the
regression functions can only be identified up to a constant, centering removes this ambiguity.
Observe that the partial likelihood does not change when each X is centered by the sample
version of E(AX), therefore, this centering does not impose any real restriction. Centering
by E(AX) or E[A¢;(W;)] instead of the simpler E(X) or E¢,;(W;)] simplifies information
calculation and asymptotic analysis, see Sections 4 and 5.

(B2) The failure time 7" and the censoring time 7 are conditionally independent given
the covariate Z.

(B3) (i) Only the observations for which the event time 7}, 1 < ¢ < n is in a finite interval,
say [0, 7], are used in the partial likelihood. At this point 7, the baseline cumulative hazard
function Ag(7) = [y Ao(s)ds < oo. (ii) The covariate X takes values in a bounded subset of
R? and the covariate W takes values in [a, b]”.
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(B4) There exists a small positive constant ¢ such that (i) P(A = 1|Z) > &; and (ii)
P(T¢ > 7|Z) > ¢ almost surely with respect to the probability measure of Z.

Condition (B2) is sufficient for the censoring mechanism to be noninformative, which is
often assumed in analyzing right-censored data. (B3)(i) is a major technical assumption,
which avoids the unboundedness of the partial likelihood and the partial score functions
at the end point of the support of the observed event time. Condition (B3)(ii) places the
boundedness condition on the covariates which is unpleasant, but it is not too restrictive
in many situations because one is often able to put some bound on the covariates. Similar
assumption is often used in asymptotic analysis of nonparametric regression problems.

Condition (B4)(i) ensures that the probability of being uncensored is positive regradless of
the covariate value. Condition (B4)(ii) prevents censoring from being too heavy. Conditions
(B3) and (B4) were also used by Sasieni (1992, Appendix) as sufficient conditions to ensure
that the sumspace of the tangent spaces for the hazard and the regression functions be closed,
so that the projections and information bound are well defined.

(B5) Let 0 < ¢; < ¢3 < o0 be two constants. The joint density f(t,w,A = 1) of
(T, W, A = 1) satisfies ¢; < f(t,w,A =1) < ¢y for all (t,w) € [0,7] x [0,1]7.

This condition and the centering condition in (B1)(ii) are needed for the model to
be identifiable. Note that weaker conditions can be formulated if only identifiability is
required. However, (B5) is also used in information bound calculation and in obtaining rate
of convergence for the estimator of each nonparametric component in the model.

(B6) Let ¢ > 1 be a positive integer. For 1 < j < J, the gth partial derivative of the joint
density f(t,z,w,A =1) of (T, X, W, A = 1) with respect to t or w; exists and is bounded.
(For discrete covariate X, f(t,z,w, A = 1) is defined to be (0?/0tow)P(T < t,X =z, W <
w,A=1).)

This condition is used in showing that the partial score functions of the nonparametric
components in the least favorable direction are nearly zero, which is a key step in proving
the root-n convergence rate and asymptotic normality of the finite-dimensional estimator.

Let r(z) = exp(2/ + ¢(w)), and let

(3.5) M(H) = M(t12) = Mgrey — [ Ursur(Z)dho(w)

be the usual counting process martingale associated with the Cox model. Throughout, let
||| denote the Eucledean norm, and let ||-||2 denote the Ly norm with respect to a probability
measure which should be clear in the context. Also, let || - ||» denote the supremum norm.
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THEOREM 3.1. Under conditions (B1) to (B5), the efficient score for estimation of § in
the partly linear additive Cox model (1.1) is

I5(T, A, Z) = /OT(X — o (t) — WH(W))AM(2),

where h*(w) = hi(wy) + -+ + hy(wy) and (a*, hi,..., hY) are the unique Lo functions that
minimize
EA|X —a(T) = hy(Wy) — -+ = hy (W) %

Here a* can expressed as a*(t) = E[X — h*(W)|T = t,A = 1]. The information bound for
estimation of (8 is

1(8) = E[l5(T, A, Z)|** = BEIA(X — a*(T) — *(W))*?],
where %% = xa’ for any column vector x € RY.

THEOREM 3.2. Suppose that conditions (B1) to (B5) hold and 0 < v < 0.5. Then
EA[X'Buy + 0u(W) = (X6 + o(W))P = Op(n>7 + n~17)),
Furthermore, if I(3) is nonsingular, then
1B, = BI* = Op(n= P +n~17")),

and
16jn — @515 = Op(n 2P +n~7)), 1< <.

If v = 1/(1 + 2p), the rate of convergence of ¢;, is n?/(+2?) which is the same as the
optimal rate in nonparametric regression. The following theorem states that the rate of
convergence of (3, achieves n'/? under condition (B6) in addition to conditions (B1) to (B5).

THEOREM 3.3. Suppose that conditions (B1) to (B6) hold and that 1(3) is nonsingular.
If v satisfies the restrictions 0.25/p < v < 0.5 and v(q + p) > 0.5, where p is the measure of
smoothness of ¢; defined in (B2), and q is defined in (B6), then

n
~

V(B — B) =nPITH(B) ST, Ay, Zi) + 0,(1) —a N(0,5),

i=1

where ¥ = I71(3).



REMARK 3.1. It is interesting to notice that the n'/? rate of convergence and asymptotic
normality of (3, hold for a range of the number of knots K,, = O(n"), although the rate of
convergence of g, is slower than n'/2. Here v plays the role of a smoothness parameter. The
range of v that ensures asymptotic normality of Bn depends on p and ¢, where p measures
the smoothness of the nonparametric parameters, and ¢ can be regarded as a measure of the
smoothness of the model. If p = 1 and ¢ = 1, then asymptotic normality of Bn holds for
1/4 <v < 1/2. If p=2 and ¢ = 2, then asymptotic normality of 3, holds for 1/8 <v<1/2.

For estimating ¢;’s, the optimal choice of v is v = 1/(1 + 2p). This choice of v satisfies
the restriction on v stated in Theorem 3.3. With this choice, both @L and g, achieve the
optimal rates of convergence, n'/? and n?/(1*2P) respectively.

REMARK 3.2. Because Bn achieves the information lower bound and is asymptotically
linear, it is asymptotically efficient among all the regular estimators. See for example, Van
der Vaart (1991), and Bickel, Klaassen, Ritov and Wellner (1993), Chapter 3 (in particular,
Section 3.4) for a systematic discussion on the information bounds for finite dimensional
parameters in infinite dimensional models.

4. Information bound calculation

In this section, we calculate the information bound for estimation of 3 given in Theorem 3.1.
General theory on the asymptotic information bound for parameters in infinite-dimensional
models can be found in Van der Vaart (1991)and Bickel, Klaassen, Ritov and Wellner (1993).
The calculation here is based on the approach of Sasieni (1992b), who carried out information
calculation in the partly linear Cox model (1.2) in which projection onto a sumspace of two
nonorthogonal Ly spaces was calculated. We extend his method to the partly additive model
(1.1) in which projection onto the sumspace of J + 1 nonorthogonal Ly spaces needs to be
calculated.

We start with the log-likelihood function and the score functions associate with the
parameters. The log-likelihood for a sample of size one is, up to an additive term not
dependent on (3, ¢, A),

(8,0, A) = Alog A(T') + A[X'B + ¢(W)] = A(T) exp[X'8 + ¢(W)],

where ¢(W) = ¢1(W1)+- - -+¢,(W,;). Consider a parametric smooth submodel {\(,)) : n € R}
and {¢;,) :7; € R, 1 < j < J} in which A\g) = A and ¢;() = ¢;, and

810g )‘(77) (t) —u
on =0 ’
and
050 () = hyluy), 15 <
577j n;=0



Recall 7(z) = exp(z'f+ ¢(w)) and M is the martingale defined in (3.5). The score operators
for the hazard A and regression functions ¢;, and the score vector for (3 are the partial
derivatives of the likelihood I(53, $1(p.): - - -, Ga(n,) Ayy) with respect to n,m1,...,n; and 3
evaluated at n =0,19, =0,...,n;, =0:

(4.6) ixa = Aa(T) - +(2) /0 T Y (#)a(t)dA() = /0 T a(t)dM(t),
(47) io,hs = s W)[A = r(Z)MD)] = [ (WM (e), 1< <
(4.8) i5 = X|A — r(Z)A(T)] = /0 T XdM(1).

Define Ly(Pf”) = {a : E[Aa*(T)] < oo}, and LY(PY) = {h; = E[Ah(W;)] =
0; E[AR;(W;) < oo}, 1 <j < J. And let
Ay = {lpa: a € Ly(PM)Y,

and

Hy = {iyh;: h; € LY(PY)}, 1<j<J

Let h* = (h,..., k%) and [yh* = Iy bt + - +14,h%. To calculate the information bound for
B, we need to find the (least favorable) direction (a*, ki, ..., h%) such that ig —lya* — 4" is
orthogonal to the sumspace A = Ay + Hy + --- + Hj;. That is, (a*, hf,...,h%) must satisfy

E{[ls — ina* — Iyh*)ixal =0, a € Ly(PM™),

E{lis — ixa” — igh")igh;} =0, h; € LY(PY)), 1<j <.

By the martingale representations given in (4.6), (4.7) and (4.8), these two equations can be
written as

(4.9) E[/(X—a*—h“{—m—hj)dM/adM]:O,

(4.10) E[/(X—a*—h’{—---—hj‘,)dM/hde]:O, 1<j<.J

By Lemma 1 of Sasieni (1992b), for any measurable v, : R x R’/ — R satisfying
E[y2(T, Z)] < o0,k = 1,2,

(4.11) E [ [t 20am) [ ae. Z)dM(t)} — B[AW(T, Z)is(T, 7)),
provided that the compensator of M is absolutely continuous. So (4.9) and (4.10) are
equivalent to

E[AX —a* —ht—---—h%)a] =0, a€ Ly(PM),
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E[AX —a"—hi— - —R)h) =0, hy € LY(PY), 1<j<

Therefore, we can take (a*,hj,...,h%) to be the solution to the following equations:
(4.12) E[X—a*—h— =BT =t,A=1]=0, as. P,
(413)  EX—a" —hj—- = h3[W;=w;,A=1]=0, as. Py, 1<j<J

It follows that a* + h] + --- + h’ is the projection of X onto the sumspace L = LQ(P}U)) +
L3R + -+ LY(PY)).

J
We now show that, under condition (B3), the sumspace L is closed, so that the projection

is well defined. According to Proposition 2, part A, of BKRW (1993, Appendix 4), pages
440-441, it suffices to show that for a € LQ(P}U)) and h; € Lg(PV(IZ)), 1<j5<J,

(414)  E[Afa+hy+ -+ hyll"] = {E[A]al*] + EIAR ] + - + E[A]Ihy]]}

for a constant ¢ > 0. Under conditions (B4) and (B5), (4.14) follows from Lemma 1 of Stone
(1985). Moreover, because of (4.14), (a*,h,...,h%) is unique, and the population version
of the back-fitting algorithm, which is the inner loop of the ACE algorithm of Breiman and
Friedman (1985), converges to (a*,hi, ..., h%).

The above calculation directly projects I 5 onto the sumspace A. By (4.11), the problem
is transformed to the calculation of the projection of X onto the sumspace L. Because L
has a more transparent structure than A, the calculation becomes much easier. Also, with
A it is easier to formulate appropriate conditions so that the projection is well defined and
unique.

A different approach is to first eliminate the hazard function by projecting the scores
lg and l¢ onto the tangent space for the hazard, and then projecting the residual of the

projection of [ 3 onto the sumspace generated by the residual scores of the projection of l¢j.
This route was used by Sasieni (1992b). An advantage of this approach is that it is more
naturally related to the partial likelihood.

We now outline this approach for the present model. Let S be an operator taking
measurable functions of Z to functions of ¢ defined by Sa(t) = Ela(Z)r(Z)1ir>y], and let
So(t) = E[r(Z)1rsy]. Denote Sy(t) = SZf, k = 0,1. A useful identity due to Sasieni [1992b,
Lemma 2] is

Sa(t)
(4.15) Solh) Ela(Z)|IT =t,6 =1].
By Proposition 1 (iii) of Sasieni (1992b), regression scores orthogonal to the tangent space
for the hazard are:

12



where D; : Lg(PIE‘Z_)) — Ly(PW) is defined by
Djhj(wj, t) = hi(w;) — =2(t) = hy(w;) = Elh|T = t,A=1], 1<j<J
In other words, Kj’s are the residual scores of the projection of f¢j onto the tangent space

for the hazard. By Theorem 1 (ii) of Sasieni (1992b), the residual scores of the projection of
I3 onto the tangent space for the hazard is

Ky=ls—ia (Sl) [ Dx(z,nanl),

where s
Dy(z, t)—z—s—l(t) —2—E[ZIT =t,A=1].
0
In the remaining of this section, let h = (hy,...,h;) where h; € LO(P ) denote Kh =
Kihy — -+ — K hy. The least favorable direction is h* = (h},...,h%) Wlth h; e Lg(P‘S‘Z))
that minimizes:
(4.16) E|Ks— Kh|.

Equivalently, h* is the direction such that Kg—Kh* is orthogonal to Kh for all h = (hy - - - hy)
with h; € Lg(P&Z)). Therefore, h* must satisfy
(4.17) E[(Ks — Kh*)K;hj] =0, for every h; € LY(Py)), 1<j<J.

To see that such a h* exists, denote Dh* = Dy1h} + --- + D h%. By Lemma 1 of Sasieni
(1992b), as in the proof of Proposition 2 of the same article, we have

E[(Ky — Kh*)K;hy) = E[D(Dx — Dh*)hy).

Therefore,
Di(Dx — Dh') =0, as.— Py, 1<j<.J.

By Lemma 3 of Sasieni (1992b),
DiDx(w;) = E[X — E(X|T =t,A =1)|W; = w;, A = 1],
D;Dh* (w;) = E[R*(W) — E(h*(W)|T =t,A = 1)|W; = w;, A = 1].
Therefore, h* satisfies
(AA8EX — " (W) — B(X = B*(W)|T = t,A =1)|W; =w;, A =1] =0, as.— P

for 1 <j < J. Let
(4.19) a'(t)=E[X - W)|T=tA=1].

It is seen that equations (4.18) and (4.19) are equivalent to (4.12) and (4.13).

13



5. Rate of convergence and asymptotic normality

In this section, we prove Theorems 3.2 and 3.3. In the proof of Theorem 3.2, we first
obtain a suboptimal convergence rate by taking the advantage of the concavity of the partial
likelihood. This enables us to work in a sufficiently small neighborhood of the parameters.
We then use Theorem 3.4.1 of Van der Vaart and Wellner (1996, pages 322-323) to obtain
the rates of convergence. The proof of Theorem 3.3 is based on Theorem 6.1 of Huang
(1996), which provides a set of sufficient conditions for the maximum likelihood estimator
of the finite-dimensional parameter in a class of semiparametric models to satisfy a central
limit theorem. Although we are dealing with a partial likelihood, the approach there can be
adapted to the present situation.

Throughout this section, denote the regression function by ¢g(z) = 2'8 + ¢(w) with
d(w) = ¢1(wy) + -+ + ¢y(wy). To avoid confusions, let (By, po) be the true parameter
value. Denote go(z) = 2'By + ¢o(w). By Lemma 7.5, there exists ¢, € @, such that
|6n — Polloo = Op(n™ +n~1=Y)). Let g,(2) = 2'By + ¢n(w). Also denote the estimator of
9o by gn(2) = 2’8y + du(w).

Let P, be the empirical measure of (T}, A;, Z;),1 < i < n, and let P be the probability
measure of (T, A, 7). Let Pa, be the (subprobability) empirical measure of (7}, A; =
1,7;),1 < i < n, and let Pr be subprobability measure of (1T,A = 1,7). It is convenient
to use the linear functional notation. So for example, Pa,f = [ fdPa, = JAfdP, =
nt S Af(Ty, Ay, Z;) for any f such that this integral is well-defined.

5.1. Rate of convergence Throughout this subsection, we assume that conditions
(B1) to (B5) hold and 0 < v < 0.5. For 0 <t <7, let Y(t) = iz and Yj(t) = 17y, 1 <
7 < n. Denote

n

(5.20) Son(t,g) =n~" Y Y;(t)exp(g(Z;)), So(t,g) = EY (t) exp(g(Z)),

i=1

and

n

(5.21)Su(t, g)[h] = ™" Y_Yi(t)h(Z;) exp(g(Zi)),  Si(t,g)[h] = EY (t)h(Z) exp(g(Z))

j=1
Let 7 be given in condition (B3)(i). The logarithm of the partial likelihood is
Mn(g) = n_l Z ]—[OSTZST]Al[g(ZZ) - log SOn(Ea g)]
i=1
Denote my(t, z, g) = [9(2) —10g Son(t; 9)]1jo<i<s and mo(t, z, g) = [9(2) —log So(t, )| Ljo<i<r)-
Then
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Let

Mo(g) = Pamo(, 9).
For notational convenience, in the remaining of the proofs including those in this section and
in Section 7, we will drop the indicator function 1p<;<, in the summation and integration
or in the integrand of the subprobability measure PA or the empirical measure Pa,,.

LEMMA 5.1. Let g, = K, + 1 be the number of polynomial spline basis functions defined

in Section 2.
|Gn — gn”% = 01?(%71)‘
Subsequently, by Lemma 7 of Stone (1986a), ||Gn — gnlloo = 0p(1).
PROOF. Let b € R? and 1, € ®, be such that ||2'b + ¢, (2)3 = O(g;*'). Denote h,(z) =
¥'b+ ¢, (2). Let Hy,(a) = M,,(gn + thy,). The derivative of H,, is
n-! ;‘L:l Y; (t)hn(Zj) exp[(gn + ahn)(Z;)]
n=t 30 Y;(t) expl(gn + ahn)(Z:)]

Sin(vs gn + ahy)[hy)

Son(+, gn + ahy,)

Hife) = 1 3 ) -

:PAn[hn_

By concavity of M, (g), H! («) is a nonincreasing function. Therefore, to prove the lemma, it
suffices to show that for any oo = g > 0, H],(cg) < 0 and H] (—cy) > 0 except on an event
with probability tending to zero, because then g, must be between g, — agh,, and g, + agh,,
and so [|Gn, — gnll2 < agllhnlle. Let b, = g, + aphy,, and let

- Sl(>b7"b)[hn] Sln('v bn)[hn]
An(t> B SO(vbn) B SOn('7bn) .

By adding and subtracting terms, we have

Sl('v bn [hn]

H;(Ozg) = PAnAn —|— (PAn — PA) [hn — SO( 2n)

] i Py [h -
=1, + Ly, + I3,.
The first term |11, < supg;<, [An(t)]. Write
So(t, b,)Son(t, by) An(t)
= Sl(t7 bn)[hn]{SOTL(t7 bn) - SO(tv bn>} - S()(ta bn){Sln(t7 bn)[hn] - Sl(tv bn)[hn]}

By Lemma 7 of Stone (1986a), ||,]lco < cg/?||hnll2 = Op(1). By Lemma 7.1, using Corollary
7.2 on the bracket number for Mj and using supg<;<, |[S1(t, by) [ha]| < [[hn]l2 = O(q71/?), we
have

sup [Jin ()] = Op (D[ hnllan™"*(0/* + ¢,/ 10g” ¢,) = Op(n~1/?),

0<t<t
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and
sup Jan(8)] = Op(1yn~/26; (gl + 108" g,) = Oyl

n n
0<t<t

Thus [, = Op(nfl/Q), since info<i<, So(t, b,)Son(t, b)) > 1/c; for some constant ¢; > 0.
Likewise, the second term I, = Op(n’l/ 2). For the third term, because

P lh” ) sl<-,go>[hn11 o

we have, by adding and subtracting terms,

S1(5 bp)[Pn] . Sl(wgn)[hn]] _ Py [Sl('aQN)[hn] . S1(+, 90) ]

]3n = [ SO(', bn) SO('vgn) SO('?QR) SO(‘,QO)

By Lemma 7.4, using Pang, = 0 and Pa,h,, = 0, as in the proof of Lemma 7.6, we have
I3, < —coapq,t 4+ Op(n"1q,) = —coapn™ + Op(n_(l_”)).
Therefore, because 0 < v < 0.5, we have,
H' (o) < —coopn™ + O(n~ %) + O(n~0") <0

except on an event with probability converging to zero. Similarly, we can show that
H'(—cap) > 0 with high probability. This completes the proof of the lemma. O

ProoF or THEOREM 3.2. We first prove that

(5.22) E sup  |[M,(g) — Ma(gn) — (Mo(g) — Mo(ga))| = n*n(gy + /log(1/n)).

n/2<]|g—gnll2<n
Observe that
(5.23)  M,(g9) — My(gn) — (Mo(g) — Mo(gn))
= (Pan — Pa)[mo(-,9) — mo(+, gn)] — Pan |log %
= L1,(9) — Lon(9)-

For the first term Iy, by Van der Vaart and Wellner (1996), Lemma 3.4.1,

. IOg SO('ag) ‘|

SO('?.gn)

E sup |Lin(g)| = n*mi/ .

lg—gnll2<n
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For the second term I5,, we have, for a constant ¢; > 0,

SOn( 79) So(',g)
sup  |lo,] <2 sup log ——% — log
lg—gnll2<n 0<t<T,|lg—gnll2<n SOn( n) SO('a gn)
Son(, So(-,
< o sup 0 ( g) N 0( g)
0<t<n,lg—galla<n | Son (s Gn) ~ So(*s Gn)

< e Pn(gy? +log®(n™t)

with probability arbitrarily close to one for n sufficiently large, where the last inequality
follows from Lemma 7.3, part (i). Therefore, by Van der Vaart and Wellner (1996), Theorem
3.4.1, pages 322-323, choosing the distance d,, defined in that theorem to be d2(g,,gn) =
—(Pamo(+, gn) — Pamo(-, gn)), we have

— 1 [Pamo (-, Gn) — Pamo(-, gn)] = Op(1),

where ry,, satisfys
2 (roay? + 1t log! P ry,) = O(n'/?).

It follows that ry,, = ¢;/?n'/? = n(=v)/2_ Therefore, by Lemma 7.6, for a constant c, > 0,
&al|gn = gull3 < Op(n™7" 0727,
Because ||g, — gol|%, = Op(n™2 + n~17)) we have
19 — goll3 = Op(n= =" 4 n727).
By conditions (B4) and (B5), it follows that
EA||IX'By + 6n(W) = (X0 + ¢o(W))5 = Op(n~ 7" 4 n727).
Therefore for the projections a* and h*(w) = hij(wy) + - - - + h¥%(w;) defined in Section 4,
EA||(X = a*(T) = k" (W) (Bn = o) + (" (T) + h*(W))'(Bn = o) + (W) = do(W))]3

= EA||(X = a*(T) = B*(W))'(By = Bo)ll3 + EAa*(T) + h* (W) (Bn = Bo) + ¢u(W) = do(W

-0 ( (1-v) +n—21}p)

where the first equality follows from orthogonality given in (4.12) and (4.13). Because
E[A(X — a*(T) — h*(W))]® is assumed to be nonsingular, it follows that ||3, — Bo|? =
O,(n~1=%) 4+ n=2%")_ This in turn implies

EA[|¢n(W) = ¢o(W)|5 = Op(n~ 07 0727,
Thus by Lemma 1 of Stone (1985), (B4) and (B5),
El¢in(W) = ¢;(W)ll; = Op(n™07 4+ 072%), 1< 5 <

The result follows. O

17

NI



5.2. Asymptotic normality and efficiency Throughout this section, we assume
that conditions (B1) to (B6) hold. The proof Theorem 3.3 is built on the following three
lemmas.

Let u = (t,z,w). For a real-valued function h of w € R’, define

Sln(tag)[h'] Sl(tag)[h]
SOn(tag) ’ SO(tag) ’

where Sk, and Sk, k = 0,1 are defined in (5.20) and (5.21), but now we take h to be a
function of w € R’. To simplify (and slightly abuse) the notation, for a vector x € R? and
the identity map I(x) = z, denote

sn(u, g)[h] = h(w) — and  s(u, g)[h] = h(w) —

i Sln(ta g)[]]
SOn(tv g) ’

Sl(tag)[l]

sn(u, g)lz] = So(t,g)

and  s(u,g)[x] =x —

We also write s, (u, 3, ¢) = s,(u, g) and so on.

As in likelihood estimation, we shall call the derivatives of the partial likelihood with
respect to the parameters (partial) score functions. The score function based on the partial
likelihood for (3 is

jng(ﬁ, ¢) = PAnSn<'7ﬁ> (b)[ili]

The score function based on the partial likelihood for ¢ in a direction h,, € ®,, is
in6(8, &) ] = Pausu(-, 8, )]

By the definition of (Bn, ggn), (i.e., it maximizes the partial likelihood),

(5.24) i (B On) = Pansa(-, By a)la] = 0,

and for any h,, € ®,,

(5.25) ng(Bns On)[Pn] = Pansn(-, B 0[] = 0

The first key step (Lemma 5.2) in proving Theorem 3.3 is to show that the partial score
function ln¢ evaluated at (ﬁn, gbn) along the least favorable direction is nearly zero.

LEMMA 5.2. Let h* be defined by h*(w) = hj(wy)+---+h¥%(wy) (note that this is different
from the notation we used in Section 4).

(526) jWb(Bm &n)[h*] = PAnSn(" Bna an)[h*] = Op(n_l/z)'

18



PrROOF. By condition (B6), and equations (4.12) and (4.13), it can be shown that h* is
gth differentiable and its qth derivative is bounded. Thus according to Corollary 6.21 of
Schumaker (1981), page 227, there exists an h} € ®,, such that

[y, = B [|oe = O(g, )

By (5.25),
i (B O[] = Lo (Brs &) 07T = L (B D) 1]
* * Sln('ag\n)[h*] Sln(vﬁﬂ)%%])]
= Pan |* = hE — -
PAR[ " ( SOn(agn) SOn(v./g\n)
= h* —h, —
PAn [ " SOn(u/q\n)
= Iln + IQn + I?mu
where Sy( 3 ke — B
. - x gk M1 » 9n t - :(L
fin = (Pan = Bs) [h T S0 1 |
_ 510, gn) B = hil S, Gn) (B = hy]
]2n B PAn [ SO(;E]\n) SOn(y/g\n) ] ’
and

N e A

SO('? ,/g\n)

By the maximal inequality in Lemma 7.1 and some entropy calculation similar to those in
Corollary 7.1, it follows that, I}, = 0,(n~?). By Lemma 7.3, part (ii), lo, = o,(n"1/2).
Now consider the third term I3,. By (4.15),

S1(, g0)[h" — hi]]

PA |R* =R —
A " SO('ag())

= BIA(W — BE) — B(A(W — 1) T =,A =1)] =0,

so we have

Sl('vg())[h* — h;:] i Sl(?ﬁﬂ)[h* B h;]
So(*, 90) So(*, Gn)

By Lemma 7.4, there exists a constant ¢ > 0 such that

I3n:PA[

[Lsn| < cl[P” = hyllocl|gn = goll2-

Therefore, I3, = n~90,(n™" + n~17v/2) = o (n"1/2) by the restriction on v stated in
Theorem 3.3. This proves the lemma. O
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LEMMA 5.3.
(5:27)  Pan{sn(,Gn)[2] = su(, 90)[2]} — Pa{s(-, Gn)lx] — s(, go) ]} = 0p(n~'/?),
and

(5.28)  Pan{sn(csGu)l17] = su g0 7]} = Pafs(Ga)[h*] = s(-, g0)[A°]} = op(n"2).

PrROOF.  We only prove (5.28), because the proof of (5.27) is similar. The right side of
(5.28) is bounded by the sum of two terms:

Iln = |(PAn - PA){S(a./g\n)[h*] - S('?QO)VL*]}'J
and
Ion = Pan{sn(,Gn)[07] = su(- 90) 1] = (s(, Gu)[R7] = 5(-, go) [P7]) }]-

For Iy, by Lemma 7.4 in Section 7 P[s(-,g,)[h*] — s(-, g0)[R*]]? < O(||gn — 90l|3), and the
e-bracketing number of the class of functions S1(n) = {s(-, 9)[h*] — s(-, go)[*] : ||lg — goll2 <
n € G} is g,log(n/e) 4+ log(1/e). The corresponding entropy integral Jy(n, S1(n), L2(P)) is
n(g"/? 4+1og®(1/n)). Therefore, by Lemma 7.1 and Theorem 3.2, for r,, = n(!=")/2 4 pv»,

El, < O(l)n_l/%’;l[qn + log'S(rn)] = O(n_l/Q).

For I5,, the integrand of the empirical measure is

Sin(t, gn) (D7)~ Sin(t, go)[P7] |51t gn)[P7] — Si(t g0)[h7]
SOn(tv./g\n) SOn(taQO) SO(ta./g\n) SO(tng)

115,(t)

It is shown in Lemma 7.7 in Section 7 that

sup 1L (1)] = op(n""/2).

0<t<1

This completes the proof. O

LEMMA 5.4.

Pa{s(Gle — K] = stoglo B} )
= —Pa{s(-,gn)[z — h*]}®2(@n — o) + OB — Boll* + l|&n — d0ll3)
= —Pp{s(,Gn) [z — W*]}*%(B, — Bo) + 0p(n~'?).

20



Proor. By Lemma 7.4 in Section 7, we have

Pafs(ga)le = 0] = s(-. go)lw — 1]} )
= —PAS(lgo)[UC - h*]S(A'; 90)[7](Bn — Bo) — Pas(:, go)[x — h*]s(-, g0)[dn — 0]
+O([18n = Boll + llén — ¢oll3)-

However, by (4.17) in Section 4,
Pas (-, go)[x — h]s(-, 90)[n — o] = 0
and
Pas(+, go)lw — h*]s (-, go)[z] = Pa{s(:, go)lw — h*]}*?,
Because ||3, — Bol|2 = 0,(n"1/2) and ||¢n — ¢o||? = 0,(n"'/2) by Theorem 3.2, the lemma

follows . O

Proof of Theorem 3.3. By Lemmas 5.2, 5.3 and 5.4 and using the same proof of Huang
(1996), Theorem 6.1, we have

n'2Pa{s(-, go)lx — W} **(Bn = Bo) = n'/* Pansa(-, o)l — h*] + 0,(1).

So asymptotic normality of Bn follows directly by the martingale central limit theorem.
However, the following argument shows that @l is asymptotically linear in the efficient
influence function. Let M;(t) = Ajlin<y — Jo Yi(u) exp(go(Z:))dAo(u), 1 < i < n. We
can write

nl/QPAnSn( )[:L‘—h* _ 71/22/ [ ) Sln(gaoi(()z’[xgo; h*]] dMl(t)

Thus

1/2 o1/ « Si(t, go)lx — ]
n / PAnSn<'790)[x - h / Z/ [ - h ) a So(t,go)

_1/22/ [ 1 (t, go)[x — 7] Sln(t,go>[$—h*]‘|dMi(t)‘

] dM;(t)

So(t, go) Son(t, 90)
Because
o3 P ] v etz =0
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by Lenglart’s inequality as stated in Theorem 3.4.1 and Corollary 3.4.1 of Fleming and
Harrington (1991), or Andersen, Borgan, Gill and Keiding (1993), page 86, we have

Si(t, go)[z — h*]
So(t, 90)

Y2 Pppsn(-, go)[x — h*] = n~ /2 Z/ [ — h*(W;) — dM;(t) + op(1).

However, by (4.15),

Sl(t, go)[l’ — h*]
So(t; 9o)

By the definition of the efficient score function [j;, we have

= B[X — B (W)|T =t,A =1] = a*(¢).

VPans(g0)lw — B = n ™2 SO (T, A Z2) + 0y(1) —a N0, 1(50)).

i=1

Therefore, the result follows. This completes the proof. O
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6. Concluding remarks

In this paper, we studied asymptotic properties of the maximum partial likelihood estimator
of the partly linear additive Cox model using polynomial splines for the nonparametric
regression components. We have elected to only consider the model with time-independent
covariates in the random right-censorship setting, because this type of data arises often in
practice and because the technical details involved already appear to be not straightforward.
It seems that the results can be extended to the multiplicative intensity model with time-
dependent covariates (and a partly linear regression function) as described by Andersen
and Gill (1982). If methods similar to the present one is to be used, two aspects not
discussed in this paper need to be addressed. First, the information bound calculation
(or the similar type of projection calculation) must be done for partial score operators and
partial score functions involving time-dependent covariates. This calculation will be helpful
in separating the root-n consistent estimator from estimators with lower rates of convergence.
Second, there should be a maximal inequality similar to Lemma 7.1 for martingale integrals
indexed by classes of functions with appropriate bracketing entropy numbers. This type of
inequality is useful in establishing rates of convergence and controlling remainder terms in
the asymptotic normality proof.
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7. Appendix: Technical lemmas

In this appendix, we collect several lemmas that are used in the previous sections.

For any probability measure @, define Ly(Q) = {f : [ f2dQ < oo}. Let || - |]> be the
usual Ly norm, i.e., ||f||2 = (f f2dQ)"?. For any subclass F of Ly(Q), define the bracketing
number Nj(e, F, L2(Q)) = min{m : there exist ff, f',..., fL, fU such that for each f €
F.ff < f < fPforsomed, and |[ff — fE|l2 < e}, Denote Jy(n,F,Ls(Q)) =

S 1 +1og Ny(e, F, Ly(Q)) de.

The following lemma used in the previous sections is Lemma 3.4.2 of van der Vaart
and Wellner (1996). Let Xi,..., X, be ii.d. random variables with distribution @, and
Q. be the empirical measure of these random variables. Denote G, = /n(Q, — @), and
|Gul|l7 = sup;er |Gr f| for any measurable class of functions F.

LEMMA 7.1. Let My be a finite positive constant. Let F be a uniformly bounded class of
measurable functions such that Qf* <n* and ||f||lc < Mo. Then

Jy(n, F, L2(Q))
n*vn MO) ’

EollGrllz < CoJy(n, F, La(Q)) (1 +

where Cy is a finite constant not dependent on n .

LEMMA 7.2. For anyn > 0, let

O, = {28+ ¢(w) : [|B = Boll <0, 8; € S |6 — dojlla <m, 1 <5 < T}
Then, for any e <mn,
log Nyj(€, On, Ly(P))) < c(gnlog(n/e)).
(Recall g, = K,, + 1+ 1 is the number of spline basis functions.)

PRrROOF. By the calculation of Shen and Wong (1994), page 597, log Nj(e, Sy, L2(P))) <
c1(gnlog(n/e)). Therefore, the logarithm of the bracketing number of the class

O, ={d(2) : 9(2) = d1(21) + - Ps(2g) 1, €Sp, 1 <G < J}

is also ca(g, log(n/e)). Since the neighborhood B(n) = {8 : |3 — (|| < n} in R? can be
covered by c3(n/e)? balls with radius ¢, the logarithm of the bracketing number of ©,, is
bounded by caq, log(n/e) + c3log(n/e)] < cgnlog(n/e) for ¢ = max{cy, c3}. O

As a consequence of Lemma 7.2, we have
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COROLLARY 7.1. Let mo(t,n,x,2;3,¢) = &'+ ¢(2) —log So(t; B, ), mi(t,, 258, 0,¢) =

Ipsiss exp(a'B + ¢(2)), and ma(t,x,2;s,5,0,¢) = Llir>i>gh(2) exp(2'8 + gb(z))7 Define the
classes of functions
Mo(n) = {mo : |18 = Boll <. ll¢ — doll2 < 0},
Mu(n) ={m1:0< s <78 = Goll <0, ll¢ — doll2 < n},
and
Ma(n) ={me: 0 < s <7, I8 =Bl <, |Ihll2 < n,ll¢ — doll2 < 0}
Then for any € < n,
log Njj(e, Mo(n), L2(P)) < cognlog(n/e),
and
log Ny (e, M; (1), La(P)) < clqn log(n/2) +log(r/e)], j=1,2
Consequently,
Jy(n, Mo, La(P)) < cogy/*n,
and
Jy(n, My, Lo(P)) < ¢jlay/*n +nlog*(1/n)], j = 1,2,
PROOF.  Because exp is monotone, by Lemma 7.2, the entropy of the class consists of

functions exp (2’ + ¢(z)) for 2/6 + ¢(z) € ©,, is bounded by cqg,, log(n/e). The e-bracketing
entropy of the indicator functions 1j;>¢>4), s € [0, 7], is bounded by log(7/¢). The class M (7)
is obtained by multiplying exp(a’8 + ¢(z)) by 1j;>>4, therefore, its bracketing entropy is

bounded by the sum of cg, log(n/e) + clog(t/e). O

LEMMA 7.3. (i) Let ¢ be a finite constant and n be a small positive constant.

class of functions

G ={9:9(2) =28+ o(w), p(w) € P, lg = gnll <1, llgllec < c}-

Then
(7.29) sup

te[0,1],9€G

Son(t;9)  Solt;g)
Son(t; g0)  So(t; go)

= 20,(qt/* +1og®(n ™).

Define the

(i) Suppose h,, € @, is a sequence of uniformly bounded functions and ||h,|l> = O(g;").

Then
(7.30) sup

te[0,1]

Stn(t; gn)[hn] — S1(t; gn)[hn]

= 0,(n"?).
Son(t; gn) So(t; gn) om0
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PROOF. (i) Because

Son(t;g) — Solt;g) _ Son(t; 9)So(t; gn) — Son(t; gn)So(t; 9)
SOn(t; gn) SO(t; gn) SOn(t; gn)SO(t; gn) 7

and because the denominator on the right side is bounded away from zero with probability
tending to one, we only need to consider the numerator. Write

Son(t; 9)S0(t; gn) — Son(t; 9n)So(t; g) = So(t; gn)[Son(t; 9) — Son(t; gn) — So(t; 9) + So(t; gn)]
— [Son(t; gn) — So(t; gn)][So(t; g) — So(t; gn)]-

The first term on the right side is
(P. — P){y(t)[exp(g(2)) — exp(gn(2))]} = n~/*1n0, (g% +1og>(n™")).
Becatise Son(t; gn) — Solt: gn) = Oy (n=/2g1/?), and
[So(t; 9) — So(t; gn)| < E{Y (t)] exp(g) — exp(gn)|} < C[E(gn — 9)°]'%,
we have [So(t; n) — So(t; 9.)][S0(t; 9) — So(t; gn)] = Op(n~"/?q;/*n). Therefore,
Son(t; 9n)So(t: go) — Son(t: 90)So(t; gn) = 1™ /*n0,(¢/* +1og®(n™).
(ii) Write

Sin(t; gn)lha] — S1(t; g0) ]
Son(t; gn) So(t; gn)
— So(t; gn)[S1a(t; gn) [Pn] — S1(t; gn) [Ben]] — S1(E5 gn) [ha] [Son (t; gn) — So(t; gn)]
So(t; gn)Son(t; gn)

Because g, —, go, the denominator of the right side of this equation is bounded away from
zero. The first term in the numerator is equal to

(Pan = Pa){y(8)ha(2) exp(ga(2))} = 0p(n~"2).

The second term in the numerator is equal to

EY (t)[hn(2) exp(ga(2)](Pan — Pa)[y(t) exp(ga(2))] = 0p(n”"/?).

This completes the proof. O
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LEMMA 7.4. For a number 0 < s <1, let

_ Si(t; go + sd)[h]
H(t. ) = So(t; go + sd)

Denote Wi(t) = Y (t) exp(go + 5d)/[So(go + sd)]. We have

L H(t:) = BIV.(OM(Z)d(2)] ~ EW,(1)h(Z) EW, (1)d(2)
= BW.(0[W(Z) ~ BV.(OW(Z)][d(Z) ~ BOV.(1)d(2)}

and

O H(t: 5) = EW.(OMZ)E(2)] — 2EW.(0)d(Z)| EWL (0 Z)d(2)]

0s?
— E[W ()M Z)|E[W,(t)d*(Z)] + 2E[W,(t)h(Z)| E[W(t)d(Z)].

PrROOF. The lemma follows by direct calculation of the derivatives. Details are omitted.
O

LEMMA 7.5. Let 1 < j < J be the integer associated with the jth covariate W;. Suppose
that € € G and E[A{(W;)] = 0. There ezists a &, € S, with Pay&, =0 and

||§n - f”oo = Op(n_”p -+ n_(l_”)/Q)‘

PROOF. According to Corollary 6.21 of Schumaker (1981), page 227, there exists a
& € 8, such that ||&F — €|l = O(n™P). Let na = n ' Y0P A Let & = & —
na T 0 A (W) = & —na' Pan&s;, then Pan, = 0. Because |&,—&| < |6 —&[+|Pants,

we only need to consider

Pan&y = (Pan — PA)&, + Pa(&, — &),

Since (Pan — Pa)é;, = Op(n™'/?n"/?), and |Pa(&) — §)| < E(A)[I€; = €l = O(n™7), the

lemma follows from the triangle inequality. O

LEMMA 7.6. Denote my(t,d,x,z;9) = g(z) — log So(t;g). Let n be a positive constant.
For any g with ||g — gulle <1 and E[Ag(Z)] =0, there exist constants 0 < ¢y, 2 < 00 such
that

—c1llg=gall3HO(M P40~ ) < Pamo(-; 9) = Pamo(; gn) < —callg—gall3+0,(n*P+n~170)),
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ProOOF. Let gy be the true value and let h = g — go. First consider
Ly(s) = Pamo(+; go + sh) — Pamo(+; go).
The first and the second derivatives of L (s) are
Ly(s) = Palh = Hi(t, 5)),

L"(s) = —Pa{E[W,(t)h*(Z)] — [EW(t)h(Z)]*}.

In particular,
L'(0) = Palh— E(h|T =t,06 =1)] =0,

and
L"(0) = = PA{E[Wo()h*(Z)] — [EWo(t)(2)*} = —Pa{ EWo(t)[h(Z) — EWo(t)h(Z)]?}.
By the definition of Wy(t),
EWo()|Z = 2] = P(T' > t|Z = z) exp(g0(2))/S0(L, go)-
So there exist constants ¢; > ¢y > 0 such that
ey < E[Wo(t)|Z = 2] < 1.
It follows that
e\ PAE[N(Z)— EWo(O)W(Z)]? < Pa{EWy(t)[h(Z)—EWo(t)h(2))2} < csPaE[(Z)—EWy(t)h(Z))2.
Now by (4.15), EWy(t)h(Z) = E[h(Z)|T = t,A = 1], and E[Ah(Z)] = 0, we have

PAE[MZ) — EWo()h(Z)]> = PadER? — 2EW(Z)E[AW(Z)] + Pa[EWy(t)h(Z)]?
= PAER? + PA[EW,(H)W(Z))?.

Furthermore, by Lemma 7.4,
1L (s)| = O(1)[Palhl® + Pa|h|Palh|*] < O(1)nPalhl*.
It follows that

—c1llg = goll3 < Pamo(+, 9) — Pamo(-, g0) < —c2llg — goll3-

The same argument as above gives that
[Pamol:s a) = Pamo(s go)| = Op(1)lgn — goll3 = Opln™27 4+ 17072,
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where the second equality follows from Lemma 7.5. Finally, since
Pamo(59) — Pamo(+; gn) = Pamo(+;9) — Pamo(; go) + Pamo(; go) — Pamo(+; gn),
and by the triangle inequality,

19— gall3 = lgn — 903 < 19 — 9015 < lg = gnll5 + |92 — 90lI3,

the lemma follows in view of Lemma 7.5. O

LEMMA 7.7. Let

Sinlt, go)[R] Sialt, go)[R] [ S1(t,Ga)[R7] Si(t, go)[R7]
Son(t; Gn) Son(t; 90) So(t; Gn) So(t; 90)

I, (t)

We have

sup |l ()| = op(n’l/z).
0<t<1

ProOF. Write Sy(t, g0) = So(g0), S1(t, g0)[h*] = S1(go) and so on. Let

A1n(t) = S1n(g0) = S1n(Gn) — [S1(90) — S1(Gn)],
Aon(t) = [51(n) — S1(90)][S0(Gn) — Son(Gn)],
Asn(t) = Son(g0) = Son(Gn) — [So(go) — So(gn)],
A (t) = [So(90) — S0(Gn)1[S1n(90) — S1(90)],
Asn(t) = [So(g0) — S0(Gn)][S0(Gn) — Son(Gn)],
Agn(t) = [So(90) — So(Gn)][S0(g0) — Son(90)]:
A7n(t) = 50(90 SO(An)SUn@O)SOn(:q\n)

Some algebra shows that

Azn(t) L2n(t) = S0(90)S0(Gn)Son(g0) A1n(t) + So(go)Son(go) A2n(t)
+ S1n(90)S0(90) S0 (Gn) Asn (t) + So(90)S0(Gn) Asn(l)
+ S0 (t, 90)S1(g0) Asn(t) + S1(90) Son(Gn) Asn(t)-

Because there exists a constant ¢ > 0 such that info<;<; A7, () > ¢, and

sup |Ajn(t)] = 0p(n"?), 1< <6,
0<t<1

the lemma follows from the triangle inequality. O
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